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Abstract. We study the subgroup structure of the etale fundamental group II of a projective 
curve over an algebraically closed field of characteristic 0. We obtain an analog of the diamond 
theorem for II. As a consequence we show that most normal subgroups of infinite index are 
semi-free. In particular every proper open subgroup of a normal subgroup of infinite index is 
semi-free. 



1. Introduction 

Every subgroup of a free group is free, this is the content of the Nielsen-Schreier theorem. 
The profinitc version of the Nielsen-Schreier theorem fails in general and even fails for normal 
subgroups, for example 7L p < Z. Therefore the question of finding conditions under which a 
subgroup of a free profinite group is free is natural and of importance. The question was considered 
by Melnikov, Lubotzky, van der Dries, Jarden, Haran, and others (0 Chapter 8] and [H Chapter 
25]). 

Roughly speaking the most general criteria are Melnikov's characterization of normal (and 
accessible) subgroups of free profinite groups and Haran's diamond theorem. In this work we 
consider the etale fundamental group II = tti(X), where X is a curve over an algebraically closed 
field of characteristic of genus > 2. 

If X is affine, then II is free of finite rank. Therefore Melnikov's characterization is known to hold 
[SJ Chapter 8.6] and similarly Haran's diamond theorem [T]. If X is projective, then II is a profinite 
surface group, i.e., the profinite completion of a surface group. Melnikov's characterization for 
normal subgroups of II is obtained in [9j. The objective of this work is to obtain the diamond 
theorem for profinite surface groups: 

Theorem 1.1. Let II be a profinite surface group of genus g > 2 and let N be a subgroup of II 
with [II : N] = Y[ P P°° as supernatural numbers, where p runs over all primes. Assume there exist 
normal subgroups K\,K% of II such that K\ D K2 < N but K\ ^ N and K2 ^ N. Then N is a 
free profinite group of countable rank. 

We note that a necessary condition for a profinite group to be free is that it is projective, and 
a subgroup N of a profinite surface group II is projective if and only if [II : N] = Y[pP°° as 
supernatural numbers, where p runs over all primes [9l Proposition 1.2]. 

Recently a notion of "free not necessarily projective" profinite groups evolved from Galois 
theory [Hill], the so called semi- free groups. Using this notion we can generalize Theorem 11.11 to 
any closed subgroup of infinite index: 

Theorem 1.2. Let II be a profinite surface group of genus g > 2 and let N be a closed subgroup 
with [II : N] = 00. Assume there exist normal subgroups Ki, K2 of II such that K\ n K2 < N but 
K\ N and K2 ^ N . Then N is semi-free of countable rank. 

Since a semi-free projective group is free [H Theorem 3.6], Theorem 11.11 follows from Theo- 
rem 

A consequence of Theorem II. 21 is that 'most' normal subgroups of II of infinite index are semi- 
free in the following sense. 

Corollary 1.3. Let II be a profinite surface group of genus g > 2 and let N be a closed subgroup 
with [II : N] —00. Then every proper open subgroup of N is semi-free. 
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We give more examples in Section [4.31 

A typical example of a normal subgroup which is not semi-free is the kernel M of the epimor- 
phism from II to its maximal pro-p quotient. Note however that M is contained in a semi- free 
normal subgroup of II. Indeed, there exists an epimorphism a: H — > Z^, so kera = K\ n K2, 
where K\,K<z arc normal subgroups of II with H/Ki = Z p . By Theorem 11.21 kera is semi-free, 
and clearly M < ker a. 

We show in fact that every normal subgroup N of II of infinite index such that H/N is not 
hereditarily just infinite is contained in a normal semi-free subgroup. (An infinite profinite group 
is just infinite if it has no proper infinite quotient. It is hereditarily just infinite if every open 
normal subgroup of it is just infinite.) 

Theorem 1.4. Let II be a profinite surface group of genus g > 2 and let M be a closed subgroup 
with [II : M] = 00 such that Tl/M is not hereditarily just infinite. Then there exists a normal 
semi- free subgroup NofH such that M < N. 

2. Surface groups 

The fundamental group tvi(X) of an oriented Riemann surface X of genus g is given by the 
presentation 

g 

m(X) = (xi,...,x g ,yu...,y g \jj[xi,yi\y 

i=l 

Here [x, y] = x~ 1 y~ 1 xy. A group with this presentation is said to be a surface group of genus g. 
We shall call its profinite completion II a profinite surface group of genus g. 

Fact 2.1. Let U be a profinite surface group of genus g and let U be an open subgroup of index 
n. Then U is a surface group of genus n{g — 1) + 1. 

This is well know for surface groups, hence follows for profinite surface groups by completion. 

Let II be a profinite group. A finite split embedding problem (FSEP) for II consists of finite 
groups A,G, an action of G on A, and epimorphisms //: II — ^ G and a: A xi G —> G. We denote 
it by (/i, a). A weak solution is a homomorphism II — ¥ A x G such that a o ip = /1. If -0 is 
surjective we say it is a proper solution. 

We shall need the following technical lemma. 

Lemma 2.2. Let (/ : II — > B, a : A — > B) be a finite split embedding problem for II of genus 
g > 2|A| 3 . Then (/, a) is properly solvable. 

Remark 2.3. The bound g > 2\A\ 3 is not the best possible. In fact, if s is the minimal number of 
generators of kera as a normal subgroup of A, then g > s|_B| 2 (|yl| + 1) suffices. We will not use 
this sharper bound here, and hence will not prove it. 

Proof. Let n = \A\, and (3: B — >• A a section of a. Note that kera is generated by jgr elements. 
Let ip = f3 o f : II— s-A Then <p is a weak solution. 

By [71 Lemma 6.1], it suffices to replace the generators of II with a different set of generators 
having the same unique relation such that the first ^jr^ 2 jg| new x^s (resp., j/i's) have the 

same image under tp. Let r = 2 j^| . 

Each of the g pairs (xi,yi) has \B\ 2 possibilities for (<fi(xi),(p(yi)), hence, since g > 2\A\ 3 > 
\B\ 2 r, Dirichlet's box principle gives indexes j% < ■ ■ ■ < j r for which 

(!) P(tfji) = • • • = <p(xj r ) and <p(y h ) = ■■■ = (p(y jr ) 

The following argument explains how to replace j\ with 1, j 2 with 2, and so forth. Let x y — y~ x xy. 
Suppose jx^l. Then 

g 

\\[x l ,y l ] = [a; J1 ,?/ il ]([xi,?/i] ••• [x jl -i,y jl -i]) [x ^ v ^[x jl+1 ,y jl+1 ] ••• [x g ,y g \. 

i=i 
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For each i — 1, . . . ,j 1 — 1, replace the pair of generators with x i 11 ' J1 ,1/^ 31 ' J1 . Thus we 

may assume that j\ = 1. Continuing similarly, we get a new presentation of II of the same kind 
for which ([]} holds, and hence by [7J Lemma 6.1] (/, a) is solvable. □ 

3. Diamond o 

In this section we prove Theorem 1 1.2 1 

3.1. Haran-Shapiro Induction. Let N < II be a subgroup of II. Consider a FSEP 

£ = Ox : N -> Gi, a x : A x G x ->• G x ) 

for AT. We describe a method to construct an embedding problem £i n d for II such that a weak 
solution of £md induces a weak solution of £ , and under certain conditions, a proper solution of 
£i n d induces a proper solution of £. 

We start by setting up the notation. Let L < II be an open normal subgroup of II. Assume 

(2) LnN < ker/xi. 

Let /x: LI — > G := H/L be the natural epimorphism, Go = NL/L = N/NDL, and fiQ — ^\n- N — > 
Go- Then fi± factors as /xi = vo // , for some canonically defined z/: Go — > Gi. The group Go acts 
on A via v, i.e., a ff := a v<y9 \ for all a G A, g £ Gq. Thus all the maps in the following diagram are 
canonically defined. 

N 

A»o \ 

A x G — > G 
Ax Gi Gi 

The group G acts on 

Indg Q (A) = {/: G -> A | /(ar) = /(c^, Va e G, r e G } = A( G:G «) 

by (/ <T )(cr / ) = /(o-a-'), for all cr, ct' G G, / £ Ind G (A). This gives rise to the so called twisted 
wreath product 

A Ig G = Ind G (A) x G. 
Let a : A Iq G — > G be the projection map. Then we have the following FSEP for II induced from 
£ (w.r.t. L satisfying ([2])): 

(3) £i n d(L) = ([i: II -> G,a: Alc G -> G). 

Let Sh: Ind G (A) xi G ->■ A x G be defined by Sh((/, cr)) = /(1)<J. Clearly Sh is surjective, it 
is also a homomorphism, since 

sh(D - r(i) = /(a) = f(iy = shtfy. 

Now, a weak solution ^ : LI — J> A ?g G of £i nc 2 induces the weak solution ip md = p oSho ip\ N of £ : 
A^==^Lidg (A) x Go-^-v4 x Go— x Gi 

(Note V(A r ) < Indg (A) x G since //(AT) = p Q (N) = G , hence Sh o n is well defined.) 

Assume -0 is surjective. In general this does not imply surjectivity of ifj md . The following result 
gives a working sufficient condition on L for ip md to be surjective. 

Proposition 3.1 (j2j Proposition 4.5]). Let N < II be profinite groups and let 

£ = (/xi : N -> Gi, ai : A x Gi — >■ Gi) 
be a FSEP for N. Let D,Hq,L be subgroups of II such that 
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(4a) D is an open normal subgroup of il with N n D < ker Hi , 
(4b) IIo is an open subgroup of II with N < Hq < ND, 
(4c) L is an open normal subgroup of II with L <T\qC\D. 

In particular L n N < D n AT < ker jUx, so © ZioWs. 

Assume that there is a closed normal subgroup AfofH with TV < N n L smc/i i/iai i/iere zs iVO 
nontrivial quotient A of A through which the action of Go on A descends and for which the FSEP 

(5) £indM L ) = (A : n /^ ->■ G, a : A i Go G -> G), 

where ft is the quotient map, G = 11/ L, and Go = TLq/L, is properly solvable. Then a proper 
solution ip of Emd induces a proper solution ip indi of £. 

3.2. Condition (o). The following result will be used in the sequel. 

Lemma 3.2. Let N < IT be pro finite groups with [II : N] = oo and assume there exist normal 
subgroups Ni,N 2 of II such that NiHN 2 < N, [Ni : Ni n N] > 3, and [N 2 : N 2 n N ] > 2 . Let 

£ = Ox : N ->■ Gx, at : A x G x -4 G x ) 

&e a FSEP for N . Let L be an open normal subgroup of II satisfying 

(i) LnN < kcr/i l7 

(ii) [N%NL : NL] > 3, 
(hi) [iV 2 iVi : NL] > 2, and 
(iv) [n : NL] > 3. 

Let G = 11/ L, G = NL/L = N/N n L and Zei 

£ ind = = n -> G, a: A i Go G -> G) 

Z>e as defined the induced embedding problem of Equation ([3]). TTien a proper solution ip of £i n d 
induces a proper solution ip md of £. 



Proof. To prove the assertion we use Proposition 13.11 Let D be an open normal subgroup of II 
with N n D < ker Li\, let IIo = ND. Let Lq be an open normal subgroup of IT such that for every 
open normal subgroup L of II contained in Lq we have 

(6') NiL, N 2 L £ NL (use N U N 2 £N). 

(7') [n : NL] > 2 (use [II : N] > 2). 

(8') (NiNL : NL) > 2 (use [iVxiV : AT] > 2). 

Choose such an L, and let G = IT/L, G = N/N C\L = NL/L, and G, = N/N nL~ NL/L. 
Then taking the above conditions modulo L gives the following conditions. 

(6) Gi,G 2 £G . 

(7) (G : Go) > 2. 

(8) (GxGo : Go) > 2. 
Let M = Ni n N 2 n L. 

Let A be a non-trivial quotient of A through which the action of Go descends. By Proposition ^. II 
it suffices to show that £i n d,j\f appearing in ([5]) is not properly solvable. 

Assume ip: II — > A Ig G is an epimorphism with a o ip = fx that factors through F/Af. Then 
ip{M) = 1. For i = 1, 2 put Hi = ip{N). Then H < A } Go G and a(Hi) = ft(Ni) = G t . By © 
there is an h 2 £ i? 2 with a(/i>2) ^ Go- Recalling (|SJ), [3] Lemma 13.7.4(a)] gives an h\ £ Hi for 
which a(hi) — 1 and [/ix,/i2] 7^ 1- 

For i = 1,2, lift /ij to ?/i € A^ (i.e., VOi) = ^i)- Then /i(yx) = c*Oi) = 1. So, y x e i. Then 
[yx,2/ 2 ] S [i, A^ 2 ] n [Ni,N 2 ] <Ifl (ATx n A^ 2 ) = N . So, [htM = bl>(yi),i>(v2)] G^(JV) = 1- This 
contradiction proves that -0 as above does not exist. □ 

We write / t" 00 for an increasing function /: R + — > R + with lim f(x) = 00. 
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We say that a subgroup A of II with [II : N] = oo satisfies Condition (o) in II if there exist 
normal subgroups Ai, A 2 of II such that N 1 nN 2 < A, [Ai : Ai H A] > 3, [A 2 : A 2 n A] > 2, and 
for every / f oo, r € N, and open subgroup A' of A there exists a diagram of subgroups 

A' A E Q E n 



NHL L 

such that 

(1) L < E a < E are open in II; 

(2) L is normal in E; 

(3) [Ni n E : Ni n Eq] > 3; 

(4) [A 2 n E : A 2 n £ ] > 2; 

(5) /(pi :£])>r •[£:£]. 

In the sequel we use the notion of sparse and abundant subgroups ([TJ Defintion 2.1]) and some 
of their basic properties. 

Definition 3.3. A closed subgroup M of a profinite group II of infinite index is called sparse if 
for every n € N there exists an open subgroup K of II containing M such that for every proper 
open subgroup L of K containing M we have [K : L] > n. 

It follows that one can take K with arbitrarily large index in II. See [2j Definition 5.1]. 

A subgroup of II is called abundant if it is not open and not sparse 

Proposition 3.4. Let II, N, N\, N 2 be profinite groups such that N,Ni,N 2 are subgroups of II, 
Ni,N 2 are normal in U, [II : N] = oo, Ni n N 2 < N, [Ni : N x n N] > 3, and [N 2 : N 2 n N] > 2. 
Each of the following implies that N satisfies Condition (o) in an open subgroup ofH. 

(9a) [n : NN 1 N 2 ] = oo. 

(9b) [II : NN\N 2 ] < oo and NN ± is abundant in II. 

(9c) [II : NN!N 2 ] < oo and NN 2 is abundant in II. 

(9d) [II : (NNi) n (NN 2 )} < oo and N is abundant in II. 

We need two lemmas for the proof. 

Lemma 3.5. Let II be a profinite group and N a subgroup of II of infinite index. Let Ni,N 2 
be normal subgroups of U such that Ni n N 2 < N, [Ni : Ni H N] > 3 and [N 2 : N 2 n N] > 2. 
Assume that for every f j" oo, s G N, II /ias open subgroups E\ < E containing N such that 
/([II :E])>s-[E: E{\\ and for each i G {1,2} either 

(10a) Ni<E or 

(10b) NiEi = n and [E : E{\ > 3. 
T/ien N satisfies Condition (o). 

Proof. Let / | oo, r 6 N and A' an open subgroup of A. Then there exists an open normal 
subgroup D of II such that DnN < N'. Since [JVi : Ai n N] > 3, and [A 2 : A 2 n A] > 2, II has 
an open normal subgroup H containing A such that 

(11) [Ax : Ax n H] > 3 and [A 2 : A 2 n H] > 2. 

Put s = r ■ [II: i?]![II : D}. 

Our condition gives open subgroups E\ < E containing A such that /([II : E}) > s ■ [E : E{\\ 
and for each i G {1, 2} either (flQaj) or (|10b|) holds. Set E =HnEi. Let En = f] aeE El (resp., 
-ffoo = Ho-en ^ e ^ e normal core of Ei (resp., H) in E (resp., II). Finally let L = H m r\EnC\D. 
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Then L < H 00 n E n < H n E x = E . 

Hoo H n 




L Hqo H En En 

We have 

[E:L] = [E : Hoo n En n D] 

= [E : E n }[E n ■ H 00 D En}[H 00 n E n : H 00 n Sn n D] 

< [E:.E u ][n:floo][n:D] 

< [E : £ x ]!pl : H]\[U : D] < -/(pi : £])pl : #]![II : D] 
= ;/(P :£?]). 

It remains to show that [NiCiE : NiH E ] > 3 and [N 2 nE : N 2 n E ] > 2. First assume that 
Ni < E. Then, since E Q < H, 

[Ni n E : Ni n E ] > [JVi : JV< n H] . 

and we are done by (fTT|) . 

Next assume that N,Ei = n and [E : #i] > 3. Then (JV f n J5)E X = J5, so 

[A/j n -E 1 : iVj n So] > [JVi n £7 : Nt n Si] = [S : Si], 

as needed. □ 

Lemma 3.6. Let N be an abundant subgroup of a profinite group II. Then for every f •f co and 
s G N t/iere ea;isi open subgroups N < Ei < E < II suc/i i/iai /([II : £*]) > s • [S : E{\\ and 
[E : Ei] > 3. 

Proof. Since JV is abundant in II, there exist m, n £ N such that for every open subgroup IIo of II 
containing N with [II : IIo] ^ m there exists an open subgroup III of IIo containing N such that 
1< pl : ni] < n. 

Let / f oo and s G N. By definition, [II : N] = oo. Thus there exists an open subgroup IIo of II 
containing N with /([II : IIo]) > max{s • n\,s ■ 4!, /(to)}. In particular /([II : IIo]) > /( m )> 
thus [II : IIo] ^ m - By assumption, IIo has an open subgroup Hi containing N such that 
1< plo : IIi] < n. 

If [IIo : IIi] > 3, then the subgroups E = ILj and Ei = Hi satisfy the conclusion of the lemma. 
Otherwise, [IIo : III] = 2. By assumption IIi has an open subgroup II2 containing N such that 
1 < [IIi : n 2 ] < n. If [IIi : n 2 ] > 3, then the subgroups E = Hi and Ei = IL 2 satisfy the 
conclusion of the lemma. Otherwise, [II 1 : II2] = 2, thus [IIo : II2] = 4, so E = IIo, E\ = II2 
satisfy the conclusion of the lemma. □ 

Proof of Proposition \3.4\ Let / j" 00 and seN. By Lemma 13.51 it suffices to find open subgroups 
Ei < E of II containing N such that /([II : E]) > s ■ [E : E{\\ and for each i £ {1, 2} cither 

(i) N < E or 

(ii) N,Ei = n and [E : E{\ > 3. 
We distinguish between the four cases: 

In the first case we have [II : NNiN 2 ] = 00. Then there exists an open subgroup E of II 
containing NN X N 2 such that /([II : E}) > s. Put Ei = E. Then N U N 2 <E and [II : E] > s ■ [E : 
Si]!. 

In the second case, we assume that [II : NNiN 2 ] < 00 and NN% is abundant in II. By [1, 
Corollary 2.3], NNi is abundant in every open subgroup that contains it, so NNi is abundant in 
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NNiN 2 - Thus we can replace II by NNiN 2 in order to assume that II = NNiN 2 ; it suffices to 
proof (P and (Jn]) for this II. Lemma 151)1 gives open subgroups E\ < E of IT that contain NN\ for 
which /([IT : E]) > s ■ [E ; E x ]\ and [E : Ex] > 3. Then, Ni < E and E X N 2 = n. 

The third case is the same as the second case, after exchanging the indices 1 and 2. 

In the last case we assume that [IT : (NNi)n(NN2)] < 00 and N is abundant in IT. In particular 
NNi is open in IT, so 

(12) [N t : Ni n N] = [NN, : N] = 00, i = 1,2. 

Let IT' = (NNi) n (NN 2 ). Then since IT' is open in IT, it follows that N is abundant in IT'. 

Put N[ = Nx n IT and A^ = N 2 n n'. Then NN[ = NN 2 = W. Since [N t : N[\ < oo, by (JI2J), 
it follows that [N! : N< n A/] = 00. 

iVi jViJV n 



n[ n' AW 



N 2 N 2 

Replace IT by IT', N\ by N[, and by N 2 , if necessary, to assume that A^A^i = IT and NN 2 = IT; 
it suffices to prove (JTJ) and (JnJ for this IT. Lemma [3~6l gives open subgroups E\ < E of IT containing 
N with /([IT : E])>s-[E : E{\\ and [E : E{\ > 3. Meanwhile, for i = 1,2, 

IT = AW, < SiiV, < n, 

hence these subgroups satisfy |n|. □ 

3.3. Proof of Theorem 11.21 Let IT be a profmite surface group of genus g > 2. We start with 
two lemmas. 

Lemma 3.7. A sparse subgroup of IT is semi-free of countable rank. 

Proof. Assume Af < IT is sparse. Since IT is finitely generated, the rank of A^ is at most Ho. Thus is 
suffices to solve any finite split embedding problem (//: A^ — > B,a: A — > B) for Af [2j Lemma 3.4]. 

Choose an open normal subgroup D < IT with DCiN < ker /z and set H = ND. Then H is open 
in IT and /i extends to an epimorphism /1' : H — > B by setting fj,'(nd) = n(n) for all n G A^, d € D. 

Since AT is sparse in IT, by [U Lemma 2.2], there is an open subgroup Hq of H that contains A^ 
such that [IT : Ho] > 2\A\ 3 and every proper open subgroup N < Hi < Hq satisfies [Hq : Hi] > \A\. 
Note that [1q = h'\h 1S surjective, since fi'(Ho) > fi'(N) = B. 

By Fact 12.11 we get that Ho is a profmite surface group of genus 

50 = P : Ho](g - 1) + 1 > [IT : H a ] > 2\A\ 3 . 

By Lemma |2.2| the split embedding problem 

(Ho: Hq -> B,a: A -> B) 

is solvable; let 7: i?o -> j4 be a solution. It suffices to show that 7(AT) = A, or equivalently 
A^ker7 = Ho, since then 7|jv is a solution of (/i, a). Indeed, as [Ho : ker7Af] < \A\, by the way 
we chose Hq we have ker7Af = Hq. □ 

Lemma 3.8. Assume N satisfies Condition (o) in II. Then N is semi-free. 

Proof. Since IT is finitely generated we get that A^ is countably generated. Hence it suffices to 
show that every finite split embedding problem 

£ = : N ->■ G x , a x : A x G x -> G x ) 

with A 7^ 1 is solvable. 

Let /(.t) = logx and take AT' = ker/ii. Choose r such that 

(13) e ry > 2\A\ 3y y 3 , Vy > 2. 
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By Condition (o), there exist normal subgroups N 1} N 2 of II such that Ni <~) N 2 < N, [Nt 
Ni n N] > 3, [N 2 : N 2 n N] > 2 and a diagram of subgroups 

ker at N E E n 



NHL L 

satisfying the following conditions: 

(1) L < Eo < E are open in II. 

(2) L is normal in E. 

(3) [Ni n E : Ni n E ] > 3. 

(4) [N 2 H E : N 2 H E ] > 2. 

(5) log([n : E])>r-[E : L], or equivalently, [II : E] > e r ^ E:L l 
Then E is a surface group of genus 

(14) g = [n : £](<? - 1) + 1 > e^^l > 2|^| 3 [ £:L 1 : L] 3 . 

Let TV- = NiHE. We apply Lemma l3~2l with J5 replacing II and N! replacing Ni. Let G = E/L, 
Go = NL/L = N/N n L, and 

£. md = (/i: E -> G, a : A l Go G -> G) 

the induced embedding problem. We claim that the conditions of the lemma are satisfied. Indeed, 
L n N < ker fix by the diagram. By (??) and since L < Eq we have 

[N-NL : NL] = [N< : N[ n iVL] = [JVi n E : (N t ni?) fl NL] > [N t H E : ND Eq]. 

Finally 

[E : NL] > [E : E ] > [Ni D E : Ni n Bb] > 3. 

Now by (p~4)) we have that 50 > 2\A lc G| 3 , hence by Lemma [2.21 £i n d is properly solvable, and 
thus by Lemma [3~2l so is Z. □ 

Proof of Theorem M.SX First we may assume that [iVi./V : N] = 00. Indeed, if [N±N : N] < 00, then 
II has an open subgroup N 2 such that N 2 f](N l N) < N. Then NxnN 2 <N and [N 2 N : N] = 00. 
Replace N% with iVj and N 2 with JVi to get the assumption. 

Note that by Lemma 13.81 if one of the conditions of Proposition 13.41 is satisfied, then N is 
semi-free. Hence we assume that none of them holds. 

If [II : (NNi) n (NN 2 )] < 00, then the negation of Condition [9d] of PropositionGLlgives that N 
is sparse in II. Hence iV is free of countable rank (Lemma l3.7[) . Assume that [n : (NNi)<~)(NN 2 )] = 
00. W.l.o.g. [n : NNx] = 00. Then the negation of ((JSaJ) V (|9b)l) gives that NNi is sparse in n. 
Then Lemma [3~71 gives that A^A^i is free of countable rank. 

Put N!} = (NNt) n N 2 . Then N^N^ < NN U N x n N^ < N and JVi ^ iV. If iV^ £ iV, then the 
diamond theorem for free groups ([31 Theorem 25.4.3]) gives that 2V is free of countable rank. 

We are left with the case N^ < N. Then N = NNi n NN 2 . By the negation of ([9aj) of 
Proposition [331 [n : NNiN 2 ] < 00, hence 

[n : NN 2 ] = [n : NN^] [NN ± : N] = [JVi : TVi n TV] = 00. 

tv 2 iv^2 — — NN1N2 n 



7V^ N ^— NNi 

The negation of (|5c)) of Proposition 13.41 gives that iViVa is sparse in n, hence in the open 
subgroupTVTViiVj of n {[I, Corollary 2.3]). But since NNi /N 2 = NNxN 2 /N 2 , this implies that N 
is sparse in the free group NNt, and hence N is free of countable rank ([I] Lemma 2.4]). □ 
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4. Applications 

4.1. Proof of Theorem 11.41 Let II be a surface group of genus g > 2 and let N < II be a normal 
subgroup of infinite index such that U/N is not hereditary just infinite . We need to prove that 
N is contained in a semi-free normal subgroup. 

If there exists a normal subgroup N ^ M < II with [II : M\ = oo, then there exists N < U < II 
open in II such that M PI U ^ M (recall that N is the intersection of all open subgroups containing 
it). So M n U is semi- free by Theorem II. 2 [ and we are done. 

Therefore we can assume that J = U/N is just infinite. By [5j Theorem 3(b)], there exists an 
open normal subgroup J of J such that either J is hereditarily just infinite, which is not possible 
by assumption, or J = K\ x K 2 , where Ki is infinite group, i = 1, 2. 

Let IIo, Nx, N 2 be the respective preimages of Jo, Kx-K% under the map II — > J. Then Tip is a 
surface group of genus > 2 and N = K\ Hi K 2 . So by Theorem 11.21 N is semi- free. □ 

Remark 4.1. Let AT be a normal subgroup of II such that U/N is hereditarily just infinite. We do 
not know whether N is necessarily semi-free. 

4.2. Proof of Corollary II. 31 Let 11 be a surface group of genus at least 2, M a normal subgroup 
of II of infinite index, and N a proper open subgroup of M. There exists an open normal subgroup 
U <J II such that U R M < N, so by the Theorem Q N is semi- free. □ 

4.3. Some examples. Let II be a surface group of genus at least 2 and N a closed subgroup of 
infinite index. The following result provides many interesting examples of semi-free subgroups of 
a surface group. 

Proposition 4.2. If N <]U and every open subgroup of U/N is generated by d elements, for some 
d > 1, or if N is sparse in U, then N is semi- free. 

Proof. Let 

£(N) = (n : N -4 A,a : C x A -> A) 

be a FSEP for N. Assume first that every open subgroup of U/N is generated by d elements. Let 
r,n > 1 be given such that n > ((|C||A|)!) d and r > 2|A| 3 |C| 3 ™. 

Let L < II be an open subgroup of II such that LCiN < ker^ - Let II be an open subgroup of 
II such that N < U < LN and such that [11 : II] > r. Then we can extend jtto to /i: II — > A by 
/j,(nl) = Ho{n), for every n G N, I G L, for which nZ G fl. By Fact 12. II the genus of II is at least r. 
Without loss of generality we can replace II with II to assume /i is defined and g > r. (Note that 
the rank of 11/ N is bounded by the rank of U/N.) 

Consider the FSEP 

£ n {U) = {pi:U^ A, a: C" x A -> A), 

where A acts component- wise on C n . Since g > r > 2|A| 3 |C| 3 ", by Lemma [2.21 there exists a 
proper solution VP: II — » C n x A of £ n (U). For each i = 1, . . . , n, let ipi be the composition of 
with the projection C n » A — > C x A on the ith coordinate. Let = ker^. Then LiLj = ker//, 
for every j. 

If LiN = U for some i, then ipi(N) = C xi A, so ^[jv is a proper solution of £(N), and we are 
done. 

Otherwise, assume that LiA^ ^ II for every i. But since (LiN)(LjN) — (LiLj)N = ker fiN = II, 
we get that LiN are distinct subgroups of index < |C||A|. So U/N has at least n > ((\C\\A\)\) d 
open subgroups of index < |C||A|. This is a contradiction because each such a subgroup induces 
a distinct homomorphism to the symmetric group 5'|c||A| defined by the action on the cosets, and 
the number of these homomorphisms is bounded by ((|C||A|)!) <i . 

Next assume that N is sparse in II. Replace II by an open subgroup II of index [II : II] > 
2|C| 3 |A| 3 that contains N such that II has no proper subgroups of index < |C||A| that contain N. 
Then arguing as above with n = 1, we get that LiN < U and [II : L\N] < |C||A|, so LiN = U. 
So ipx\N is a proper solution of £(N). □ 

Examples 4.3. Each of the following conditions implies that N is semi-free. 
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(1) U/N = Z p (every subgroup is cyclic) 

(2) U/N = K\ x K2 (N is the intersection of the preimages of if 1, if 2 in n, hence by Theo- 
rem [L2] is semi-free). 

(3) U/N is abelian {U/N is either 7L V or direct product). 

(4) U/N is pro-nilpotent but not pro-p (U/N is a direct product). 

(5) [II : N] = Y[ P P n ^ > where < n(p) < 00 (this implies that N is sparse in II). 

Notice that (2) gives a new proof that the congruence kernel of an arithmetic lattice in SL2(M.) 
is a free profinite group of countable rank, see [5] for more details. 
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